We present a new, two-pool, linear, time-varying 
INTRODUCTION
In humans, a decrease in plasma Ca ++ concentration acutely stimulates PTH secretion by exocytosis of PTH stored in the se-The response of the Ca-PTH axis to acute changes in the plasma Ca ++ concentration occurs in the time-scales of seconds to minutes [1] . This response is much faster than time scales of other pathways in the calcium homeostatic system that operate in the time-scales of hours to days [2] [3] [4] . It is therefore plausible and feasible to analyze the acute response of the Ca-PTH axis separately from the overall system. In this context, we develop a new, two-pool, linear, time-varying model to describe the Ca-PTH axis using an asymmetrical reverse sigmoid Ca-PTH relationship. The parameters of our model are estimated based on hypocalcemic clamp test data obtained from healthy subjects. This model with parameters estimated separately for each subject's hypocalcemic clamp test responses was validated successfully by testing the model's ability to predict the same subject's induced hypercalcemic clamp test response. We then show that if the conventional symmetrical reverse sigmoid Ca-PTH relationship, which has been the cornerstone of Ca-PTH models, is used instead of the asymmetrical relationship, the model is not able to predict a subject's induced hypercalcemic clamp test response. This shows that the reverse sigmoid Ca-PTH relationship is not symmetrical.
This paper is organized as follows. Section 2 reviews existing models for calcium homeostasis and Ca-PTH axis. Section 3 presents the new mathematical model for the acute Ca-PTH axis. Section 4 describes the estimation of model parameters based on hypocalcemic clamp test, followed by the model prediction results of hypercalcemic clamp test in Section 5. Section 6 contains a discussion followed by conclusions in Section 7.
A REVIEW OF EXISTING MODELS
The application of a four-parameter logistic model to describe the reverse sigmoid-shaped response pattern [5] has existed for years; A key contribution to calcium homeostasis modeling has been the utilization of such a relationship between PTH secretion rate and plasma Ca ++ steady-state concentrations in [6] . This model, illustrated in Figure 1 , is described by
where A and B denote maximal and minimal values of the secretion rate, respectively, Ca denotes plasma Ca ++ concentration, S is the value of Ca when the PTH secretion rate = A+B 2 , and m = tan(θ ) is the slope of the curve at S. We call this a symmetrical reverse sigmoid relationship, because the absolute rate of change of the slope of the curve for Ca < S by a small amount is the same as the absolute rate of change of the slope of the curve for Ca > S by the same amount. A symmetrical reverse sigmoid Ca-PTH relationship has been used to relate PTH secretion rate to the extracellular Ca ++ concentrations in parathyroid cell cultures prepared from normal bovine, normal human, and pathological human parathyroid tissues in vitro [6] . While some researchers utilized this original form [7] [8] [9] [10] other researchers modified it to relate plasma PTH concentration to Ca ++ concentration [11] [12] [13] [14] [15] [16] [17] [18] . The Ca-PTH curve has been suggested as a possible bio-tool for assessing health and disease states associated with calcium homeostasis [19] . We show in the paper that the symmetric nature of the curve has limited utility in modeling the dynamics of Ca-PTH axis.
The first attempt to model the short time-scale dynamics (in minutes) in the Ca-PTH axis utilized two PTH pools, one in the parathyroid cells and the other in the blood [20] . By assuming a step change in calcium, the resulting Ca-PTH dynamics was simplified into a linear, time-invariant model. A relatively recent attempt to model plasma calcium homeostasis consisted of pools of calcium, phosphate, PTH, calcitriol in plasma, intracellular phosphate, and parathyroid gland mass [21] . Exchangeable pools of calcium and phosphate in the bone were introduced to model flux exchange between plasma and bone, a renal 1,α hydroxylase, a phosphate pool, and an intestinal calcium pool were included to capture the dynamics involving the kidney and the intestine. The authors estimated model parameters from published clinical experiments involving acute changes in the plasma Ca ++ concentrations. Limited details, however, were offered on how the large number of unknown parameters in this complicated model were estimated. To the best of our knowledge, all published papers in this area have focused only on model parameter estimation and none have reported prediction results, an important component of model validation.
CA-PTH MODEL
The basic model comprises two pools of PTH, one in the PTG and the other in the plasma as shown in Figure 2 . In response to an acute decrease (time-scale of minutes) in the plasma Ca ++ concentration, signal transduction pathways involving the calcium receptors on the parathyroid chief cells in the PTG stimulate exocytosis of the PTH stored in the vesicles of the cells. Conversely, a rise in the plasma Ca ++ concentration inhibits exocytosis of PTH; PTH response occurs on a times-scale of min-utes [22] . Note that we assume that the parathyroid gland can be modeled as an aggregate of homogenous active chief cells. Production (k) Using mass balance, the rate of change of PTH in the PTG pool is given bẏ
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where x 1 (t) denotes the total amount of PTH in the PTG pool, k(t) denotes the production rate of PTH in the PTG pool, λ 1 denotes the decay rate constant of PTH inside the parathyroid cells, and λ Ca (t) denotes the secretion rate function [20] . Since we are considering the response in time scale of minutes, it is reasonable to assume that the synthesis rate of PTH is constant because the regulation of PTH synthesis in response to changes in the plasma Ca ++ concentration occurs in time-scale of hours to days [3, 23, 24] . Thus, from here on we set k(t)=k.
In preliminary studies, we have discovered that if a model, based on hypocalcemic test data, with a conventional symmetric reverse sigmoid secretion function is used, the resulting model cannot predict hypercalcemia PTH response in the same subject. This led us to conclude that one ought to allow for nonsymmetrical sensitivity (i.e., slope) across the set point (in Section 6 we demonstrate the limitation of the symmetric curve in terms of the fitted model's ability to predict hypo-or hypercalcemic test results). To this end, we propose an asymmetrical reverse sigmoid secretion rate function
where the slope or the sensitivity of the secretion rate function is determined by m(Ca) described by the logistic equation 1
and where (sufficiently large) β forces m to sharply switch from m 2 to m 1 + m 2 as calcium level decreases below the offset value 1 Note that the logistic equation has a history of use in statistical analysis of biological assay, for example, see [25] .
R. The curve (2) can be viewed as a combination of a low sensitivity curve at calcium levels below R, and a high sensitivity curve at calcium levels above R, as illustrated in Figure 3 . The role of R is to modify the range of lower sensitivity curve in the overall asymmetrical reverse sigmoid curve. We would like to emphasize that the biological and physiological explanation of this asymmetrical Ca-PTH relationship requires further exploration. Proceeding to the second pool, the rate of change of PTH in the plasma pool is given by a mass balance relatioṅ
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where x 2 (t) denotes the amount of PTH in the plasma pool and λ 2 denotes the biological clearance rate constant for PTH in circulation. The concentration of PTH in circulation, [x 2 ], equals x 2 (t) divided by the average plasma volume of 2.75 liters [26] . There are ten unknown parameters, k, λ 1 , λ 2 , A, B, S, R, m 1 , m 2 , and β that completely define the model (1)-(4). We use steady-state relations, along with physiologically relevant quantities, to obtain parameter constraints, to assign initial guesses and the upper and lower bounds, for the parameters during parameter estimation. At steady state, (1) can be written as
wherex 1 andCa denote steady-state levels, respectively. Similarly, (4) can be written as
wherex 2 denotes steady-state level. From (5) and (6) we get k = λ 2x2 + λ 1x1 . Considering the baseline steady-state prior to the initiation of hypocalcemic clamp test, we have
wherex 1,n andx 2,n denote steady-state baseline PTH amount in the PTG and plasma pool respectively. At extreme values 
Finally, considering baseline steady-state plasma Ca ++ concentration during hypocalcemic clamp test, the set-point S can be found from (6) .
Equations (7), (8), (9) , and (10) define parameter constraints at steady state. The model (1)-(4) is a linear, time-varying (LTV) system and it is not possible to derive an analytic solution for the response [2] . One way to simplify the analysis is to assume a step change in calcium [20] , which renders λ Ca (t) a constant, and thus, the system becomes linear, time-invariant. In reality, Ca ++ concentration changes at a much slower rate than a step change and the PTH secretion rate depends on the rate of change of the plasma Ca ++ concentration [27] . Thus, to accurately capture the expected dynamics a model should include a time-varying λ Ca (t). Next, we proceed to estimate model parameters based on clinical tests.
ESTIMATION OF MODEL PARAMETERS
Model parameters are typically estimated from induced calcemic clamp tests which are also used to study acute changes in the Ca-PTH axis. During an induced hypocalcemic clamp test, plasma Ca ++ concentration is decreased by an intravenous infusion of sodium citrate [22] . During an induced hypercalcemic clamp test, plasma Ca ++ concentration is increased by an intravenous infusion of calcium gluconate [22] .
The clinical data we used to estimate the model parameters and validate the model constitutes such hypo-and hypercalcemic clamp tests. For brevity, we report results only for one subject, referred to as Subject 1 henceforth, and the results corresponding to the other two subjects can be found in [19] . Plasma Ca ++ concentrations were measured every 5 minutes during the induction of hypo-or hypercalcemic clamp and the corresponding plasma PTH concentrations were measured every one minute (see Figures 4-7) . Plasma Ca ++ concentrations were measured less frequently during the baseline period.
In estimating model parameters, we seek to accurately qualify and quantify aspects of the clinical data. Qualitative accuracy is determined by whether the simulation exhibits salient features of clinical PTH responses such as rate of increase or decay, peaking, and steady state behavior. Quantitative accuracy aims for a reasonable estimation of a 'smoothed' clinical response, given that our model is a simple, second-order type, and cannot be expected to follow each data point with great accuracy.
We used the Simulink Design Estimation tool in MATLAB [28] to estimate the following profile of the induced hypocalcemic calcium clamp kinetics
where Ca 0 was set to the average baseline value prior to clamp initiation first-order dynamics follows closely the decaying calcium levels; The clinical hypocalcemic calcium clamp kinetics and their estimation (Eqn. (12) and Table 1 ) for the data set is shown in Figure  4 . We fed the above calcium profile and the model (1)- (4) into Simulink Design Estimation tool in MATLAB [28] . The parameters were estimated using the Levenberg-Marquardt method and the sum of squared errors cost function. The determination of the starting values used during the parameter estimation are detailed in [19] . The starting values for parameter estimation, lower and upper bounds, and the estimated values for the data set is summarized in Table 2 .
In general, the optimization software was able to produce a good qualitative and quantitative correlation with clinical PTH concentration response as shown in Figure 5 . The simulated response closely tracks the average clinical PTH response, the initial rapid rise that peaks between 5-10 minutes, and the subsequent exponential decay where steady-state PTH level is reached after additional 40-60 minutes. The root mean squared errors 3 for the estimated response is 0.4086.
PREDICTION RESULTS
The utility of a system model lies in its ability to predict responses observed in data that were not available or used for (1)- (4) with corresponding estimated parameters in Table  2 and calcium clamp profile in Eqn. (12) and Table 1. estimation purposes. In Section 3, we described the underlying biological processes of this axis, and in Section 4, we demonstrated that it is feasible to estimate a biologically-relevant set of model parameters using clinical data. This section takes our work to its next logical step -verifying the model's ability to predict Ca-PTH axis dynamics. We would like to emphasize that the predicted responses described in this section were generated using the model (1)- (4) and parameters in Table 2 that were estimated based on the hypocalcemic clamp test data.
Similar to the calcium profile estimation step carried out for the hypocalcemic clamp test in Section 4, the calcium profile in the induced hypercalcemic clamp test was estimated using the following relation (13) and the corresponding values for the clamp data set is shown below. The fitted first-order dynamics follows closely the increas- ing calcium levels; The clinical hypercalcemic calcium clamp kinetics and their estimation for the subject is shown in Figure 6 .
The predicted response of PTH concentration, x 2 (t)/2.75, was simulated using the estimated hypercalcemic calcium clamp Table 3 .
kinetics described by Eqn. (13) and Table 3 , the model (1)- (4), and parameters in Table 2 ; Comparisons between clinical and predicted response is shown in Figure 7 . We observe a reason- (1)- (4) with corresponding estimated parameters in Table 2 and calcium clamp profile in Eqn. (13) and Table 1. ably accurate PTH response prediction. The predicted rate of PTH decay is somewhat slower than observed in data but still within our modeling time frame of minutes. The root mean squared error for the estimated response is 0.1602.
By construction, the secretion rate function λ Ca (t) is an asymmetrical reverse sigmoid. This implies that, at steady state, plasma Ca ++ concentration also bears an asymmetrical reverse sigmoid relationship with respect to both plasma PTH concentration and PTH secretion rate from the gland [19] . This relationship is shown in Figure 8 . 
DISCUSSION
A salient feature of our Ca-PTH model is the reverse sigmoid Ca-PTH relationship. Using a reverse sigmoid relationship, either symmetrical or asymmetrical, to represent PTH secretion rate from the gland is tantamount to using a single-pool model to describe the dynamics of the Ca-PTH axis [19] . Furthermore, such a single-pool model cannot produce the transient behavior observed in clinical clamp tests [19] . As a result, we have departed from the conventional application of the reverse sigmoid relationship for either PTH secretion rate or PTH concentration relative to plasma Ca ++ concentration. Specifically, we introduced a new PTH secretion rate function, λ Ca (t), a function of plasma Ca ++ concentration, that exhibits an asymmetrical reverse sigmoid property, resulting in a time-varying PTH secretion rate λ Ca (t)x 1 in (1)- (4) .
In addition, we have discovered that the symmetrical form of the reverse sigmoid curve used in applications is of limited utility. To illustrate this point, we present a representative example from an estimation-prediction procedure for Subject 1 that was executed in a similar manner as described in Sections 4-5. To this end, we use the same model described by (1)-(4), however, this time we enforce a symmetrical Ca-PTH relationship by using m = constant. In terms of estimating model parameters to match hypocalcemic clamp test data, our experience has shown that a good match can be achieved using either a symmetrical or an asymmetrical Ca-PTH relationship. The match achieved using a symmetrical relationship is shown in Figures 9-10 , and is similar to the response (as shown in Figure 5 ) corresponding to the asymmetrical relationship. The same subject's predicted PTH response shown in Figure 12 , x 2 (t)/2.75, to the hypercalcemic clamp ( Figure 11 ) using the symmetrical relationship, however, is qualitatively (e.g., faster) and quantitatively (e.g., large initial value difference) different from the predicted response using the asymmetrical relationship as shown in Figure 7 . These differences appear to suggest that the Ca-PTH axis is more sensitive during severe hypocalcemic conditions than around the normal calcium levels and during hypercalcemia. When model parameters are estimated using hypocalcemic clamp test, a symmetrical Ca-PTH relation will result in an excessively rapid PTH response to hypercalcemic clamp test. Also, small deviations in calcium around normal levels will result in a very large predicted PTH change. Thus, the symmetrical reverse sigmoid Ca-PTH relationship cannot not be used to model the Ca-PTH axis and the use of the asymmetrical Ca-PTH relationship is imperative.
CONCLUSIONS
We developed a new, two-pool, and linear-time-varying model for the acute Ca-PTH axis. We introduced an asymmetric reverse sigmoid PTH secretion rate function which results in an asymmetric reverse sigmoid relationship between steady-state plasma Ca ++ and PTH concentrations. Based on hypocalcemic clamp test data, we estimated the model parameters and successfully validated the model by comparing its prediction with the same subject's hypercalcemic clamp test data. Finally, we motivated the need for an asymmetrical reverse sigmoid Ca-PTH relationship over the conventional symmetrical reverse sigmoid Ca-PTH relationship.
